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Synopsis 
A method of analysis is presented for 
the consolidation of a linear elastic soil 
due to the cutting of a long and deep circular 
tunnel. Solutions have been obtained for the 
time dependent displacements and stress changes 
occurring in the soil surrounding the tunnel 
opening. 
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1 .  INTRODUCTION 
1. 
The problem of a tunnel in saturated clay is of some 
interest to geotechnical engineers concerned with the design 
of tunnel linings or tunnel support systems. As a first 
approximation the soil surrounding the tunnel is often 
idealised as an isotropic, elastic continuum and some solutions 
have been obtained for the displacements and stress changes 
in the elastic medium after tunnel boring, (e.g. Muir-Wood, 
1975; Pender, 1980). 
In the earlier investigations the soil was considered 
to behave as a single phase material and hence the solutions 
obtained are relevant only to the short term (or undrained) 
condition and the long term (or fully drained) condition. 
However, when an opening is created in a saturated medium the 
resulting displacements and stress changes will be time 
dependent. This time dependence arises because of the two 
phase nature of a saturated elastic material. Volume change 
can only take place as water is expelled from the voids 
between the solid particles. Movement of water through the 
soil cannot occur instantaneously and so any deformations 
which involve a change in volume will require a finite time 
in which to take place. Conversely, any deformations which 
involve only shearing can occur instantaneously. 
In this paper solutions are presented for the displace­
ments and stress changes around a long circular opening in a 
saturated elastic medium. It is assumed that the time 
dependence of these changes is .due entirely to consolidation 
of elastic soil. No consideration is given to other time 
dependent phenomena such as creep. 
2. PROBLEM DESCRIPTION 
It is assumed that the tunnel will be bored at a depth 
which is large when compared with the nominal radius of the 
tunnel opening. To sufficient accuracy the in situ stress 
state in the ground, prior to tunnel cutting, may be idealised 
2. 
as being uniform with a total normal stress ov' which acts 
in the vertical direction, and a total normal stress oH, which 
acts in all horizontal directions. The horizontal total 
stress may be expressed as a proportion of the total vertical 
stress, thus 
a = No H v 
The principle of effective stress gives 
(1) 
where o� and oH are vertical and horizontal effective stress 
components, respectively, and p0 is the in situ pore water 
pressure. Compressive stress is considered to be positive. 
The coefficient of earth pressure at rest K0, is defined by 
a' H a
' 
v ( 2) 
For a soil deposit with the water table at the surface, and 
a bulk unit weight y, then 
N 
where Yw is the unit weight of water. 
( 3) 
For the circular opening it is more convenient to 
express the in.situ stress state in terms of polar coordinates, 
see Fig. 1. It follows that the total stresses acting on a 
circular boundary are given by 
0rr (4a) 
(4b) 
- od sin 28 (4c) 
where 
3. 
V12rtical 
Horizontal 
FIG I DEFINITION OF TUNNEL PROBLEM AND COORDINATE 
SYSTEM. 
4. 
1 
(CJH + CJV) CJm 2 
1 
(uH CJV) (Jd 2 
-
Equations (4) give the stresses which act at the periphery 
of the tunnel before it is bored. After boring the normal 
total stress CJrr and the shear stress ur8 are both removed 
from the tunnel boundary. Hence the stress boundary conditions 
for this problem may be idealised as 
-(Jm - (Jd cos 28 
lf CJd sin 28 at r 
where the symbol � indicates a change in the appropriate 
quantity. 
(Sa) 
(Sb) 
It is also necessary to consider the hydraulic boundary 
conditions at the tunnel wall, since the soil is saturated. 
There are two important cases which may be identified. These 
are: 
(a) a permeable tunnel, and 
(b) an impermeable tunnel. 
For these situations the corresponding boundary conditions are 
(a) 
(b) 
p 
3p ar 
0 at r (6a) 
0 at r (6b) 
Equations (5) and (6) describe the complete boundary conditions 
at the tunnel wall, which correspond to the removal of material 
to form a circular opening. In order to simplify the analysis, 
the principle of superposition is employed and the following 
components of the problem are considered. 
5. 
(a) Permeable Tunnel 
For the permeable tunnel, three separate components 
may be identified. These are: 
Case Ia: 
/',(5 - G f when < rr m 6crre 0 r 0 
p 0 
Case IIa: 
when r 
Case IIIa: 
/',(5 rr - Gd COS 26 l 20
[
 
sin when r 
p 0 
(b) Impermeable Tunnel 
For the impermeable tunnel only two non-trivial 
components need be considered. These are: 
Case Ib 
/',(5 
rr - G m 
0 
_qp_ 0 
ar 
when r 
6. 
Case IIIb 
6a - (jd cos 28 rr 
6a r8 (jd sin 28 when r 
ap 
ar 0 
It will be demonstrated later that the solutions to Cases Ia 
and Ib are identical, i.e. they are independent of the 
hydraulic boundary conditions. 
3. GENERAL SOLUTION 
Using a polar coordinate system the equations for 
consolidation of an isotropic, elastic soil under conditions 
of plane strain may be written: 
a a 1 ao re ________££ + ar r as 
30re 
ar 
1 30ee + ---r ae 
(5 
- p rr 
088 
- p 
a re 
-
(5 
- 0ee + rr 0 (7a) r 
(5 re + 2 0 (7b) r 
Ae - 2G e (Sa) v rr 
Aev - 2G eee (8b) 
G Yre 
where A and G are the Lame parameters for the elastic soil 
skeleton (compressive stress and compressive pore pressure 
are taken as positive); 
au r err ar ( 9a) 
u 1 au8 r + (9b) eee r r � 
e 
v 
.§ e; 
c v 
7. 
where, for the elastic soil, 
with 
(,\ + 2G) k • 2G 
• Yw 
(1 - v') 
(1 2V') 
k isotropic permeability coefficient, 
Yw unit weight of pore fluid, 
v' Poisson's ratio for the soil skeleton; 
(9c) 
(9d) 
(10) 
and where u
r 
and u8 are the r and 8 components of displacement 
respectively, and the symbol "-" denotes the Laplace transform 
of the appropriate quantity, e.g. 
ev 
J exp (-st) e
v
(t)dt. 
0 
The symbol t is used to represent the time elapsed since the 
instantaneous tunnel boring. In Equations (7) and (8) the 
symbol 6 has been omitted for convenience and orr' o88, ore 
and p are now used to represent changes in the in situ stress 
state and pore pressure due to tunnel boring. The governing 
equations may also be written as 
(,\ + 2G) 
ae v 
3"r 
(,\ + 2G) 1 
ae
v 
r Te 
where 
G aw 
r ae 
+ G aw ar 
'V2 e v 
ap 
ar 
!lE 
r ae 
s -e 
c v 
(lla) 
(llb) 
8. 
are the volume strain and rotation. On introducing ¢ defined 
by 
p G ¢ + (A + 2G) e v 
these equations may also be written as 
1 dW 
rae 
dW 
ar 
1 3¢ 
rae 
s -e c v 
Solutions shall be sought which have the form: 
u r 
p 
0rr 
0ee 
0 re 
e v 
w 
ur cos (n8 + E:) 
u8 cos (ne + E) 
P cos (ne + e:J 
s rr cos (n8 + E:) 
s ee 
cos (ne + E) 
s re sin (n8 + E:) 
E cos (n8 + E:) v 
S"l sin (n8 + s) 
<1> cos (ne + e:) 
Equations (12) then become 
(12a) 
(12b) 
(12c) 
(13a) 
(13b) 
(13c) 
(13d) 
(13e) 
(13f) 
(13g) 
(13h) 
(13i) 
- � n 
r 
n <!> - r 
a2
E: 
1 aE: v v + - ar a r2 r 
where 
d<l> 
ar 
d<l> 
ar 
n2 
r2 
9. 
E 
v 
u r 
(14a) 
(14b) 
� E (14c) c v 
Solutions to Equations (14) may be found for the Laplace 
transforms of the coefficients Ur etc. It can be shown (see 
Appendix A) that the general solution may be written in terms of 
six independent component solutions, i.e. 
u �1. A r 1 
ue A 2 
p A 2G 
s rr A 2G 
� A 2G 5 
s re 
L2G A 
where the terms of matrix M are given in Appendix A and 
the constants A
1 
to A
6 
may be found from the appropriate 
boundary conditions. 
(15) 
In order to recover the coefficients Ur etc, the 
Laplace transforms given by Equations (15) must be inverted. 
10. 
This can be achieved by an application of the Complex Inversion 
Theorem, i.e. for the general function f(t) the inversion is 
given by 
f (t) 
1 Jr f(s)est ds 21Ti 
c 
(16) 
where s is a complex variable and C is any contour in the 
complex plane such that all singularities of f(s) lie to the 
left of C. 
4. SOLUTIONS FOR THE TUNNEL PROBLEM 
The particular solutions for the tunnel problem, i.e. 
for Cases I, II and III, may be obtained from Equations ( 15) 
after insertion of the relevant boundary conditions. 
Case I: 
For case I, n = 0 and E = 0 and thus U 8 and S re vanish 
automatically. The solution which remains bounded as r + oo 
consists of only two parts; solutions 1 and 5. The constants 
A and A may be obtained from the boundary conditions at 
1 5 
r = r
0
, and it may be shown that for both an impermeable 
tunnel and a permeable tunnel the solutions are identical, with 
and 
CASE II: 
A 0 
1 
A 
This is similar to case I with the constants A1 
and A
5 
having the following values. 
(a) Permeable Tunnel 
A I 
( Po I 1 = - A+2G j · s 1 <P
/
ro) 
11. 
A 
[A:�G
). c
r0 
2s2 
(b) Impermeable tunnel 
Case III: 
A 0 
1 
A 0 
5 
ljJ (r ) 
1 0 
rrrT 1 0 
For this case it is clear n = 2, E = 0 and the solution 
which remains bounded as r oo is composed of three parts; 
solutions l, 3 and 5. The constants A , A 
1 3 
and A are also 
5 
obtained from the boundary conditions at r = r0. 
expressions for A , A , A may be verified. 1 3 5 
(a) Permeable tunnel 
(b) 
A 
1 
A 
5 
l • 2 
X 
Im12ermeable 
A l . 2. 
X 
l . 2. A 
3 X 
[�gs) 
{l.�) l2�1(r )- r ljJ (r 
� sr2 • L o o 1 oj 0 
tunnel 
b��J 
(;gs) .r3 . 0 [·"'�2G).ljJ (r )  ..::G 1 o 
The following 
A 1 
X 
5. RESULTS 
Ggs ] .r'+. 0 
12. 
{ (�). [ 2<jl (r ) + r ljJ (r ) J srz 1 o o , o 0 
Explicit solutions for Cases I, II and III are now 
presented. Where it has not been possible to invert the Laplace 
transforms analytically they have been inverted numerically 
using Equation (16). In all cases the integrand has at most 
a simple pole at the origin and a branch line extending along 
the negative real axis and so it has been possible to take the 
path of integration C around the negative real axis. 
Once the coefficients Ur' u8 etc are known the corres­
ponding values of the field quantities, i.e. ur, u8 
etc., at 
location (r,8) and time t can be retrieved using expressions 
(13). 
Case I 
The solution in this case is independent of time, the 
drainage boundary condition at r = r0 and the drained Poisson's 
ratio v' . The coefficients of the field quantities are given 
by, [2GUr] 
· o r m o 
[;:�: J 0 
0 
13. 
[s�:l r r -
[
r
o [::
e l 
[:or [ :: 
e l 0 
Case II 
If the boundary at r = r0 is impermeable then the 
solution for Case II is trivial, i.e. Ur 0 etc. This result 
does not hold if the boundary at r = r0 is permeable. For the 
latter case only u8 = Sre = 0. Isochrones for Ur and P are 
plotted in Figs. 2 and 3, where time has been expressed in a 
non-dimensional form, according to 
T ct 
rz 0 
[
�w] .2G. [l:;� : ) . :� (17) 
When plotted in this form these results are independent of 
Poisson's ratio of the soil. The results in Fig. 2 indicate 
that for large times the magnitude of the radial displacement 
increases with increasing radius. This feature arises because 
of the nature of the boundary conditions adopted in the analysis. 
Specifically, it has been assumed that an indefinite amount 
of drainage of the pore water may occur at the tunnel boundary 
r = r . 0 This is physically unlikely and so the displacement 
predictions at large times must be considered doubtful. 
Nevertheless, the results for small and moderate times are 
likely to be reasonable. 
The results presented in Fig. 3 for the pore pressure 
coefficient P are in good agreement with solutions for the 
axi-symmetric diffusion (heat flow) problem that have been 
reported by Jaeger (1956). The pore pressure isochrones are 
approximately logarithmic functions of radius. 
H. 
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16. 
Values for the total stresses orr and oee may be obtained 
from the results of Figs. 2 and 3 together with the following 
relations between ur, p, orr and oe8' which are valid for all 
times 
Case III 
(a) Permeable tunnel 
2G Ur r 
(A;�G) p 
Solutions for the coefficients Ur, De and P, corresponding 
to v• = 0, are shown in Figs. 4 to 6. Isochrones are again 
plotted for several values of non-dimensional time T. Isochrones 
for the stress coefficients Srr' See and Sre are plotted in 
Figs. 7 to 9 for v• = 0. In the case of the total radial stress, 
Fig. 7, the variation with time of the stress distribution 
is very small. For the total circumferential stress there 
is a time dependency, with the largest variation occurring 
at the tunnel boundary r = r0, as shown in Fig. 8. For the 
shear stress distribution there also exists a variation with 
time; the largest variation occurring at about T = l as 
plotted in Fig. 9. 
In general, the solutions for the Case Ilia tunnel 
problem are dependent on the value of Poisson's ratio v' . 
Solutions for Ur, ue and P for a different soil, with v
' 
= 0.4, 
are shown in Figs. 10 to 12. Results for the stress coefficients 
Srr' See and Sre differ only slightly from those plotted in 
Figs. 7 to 9. The fully drained solutions for the stress 
coefficients are independent of Poisson's ratio and are given 
by 
17. 
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29. 
[:or 
_ 3 [:or 
[r I 2 4 r oJ + 3 
2 [:or + 3 [:or 
Selected results for the case of an impermeable 
tunnel wall (at r = r0) are shown in Figs. 13 to 15, where 
isochrones for ur,u8 and P have been plotted for a soil with 
v' 
= 0. Some indication of the effects of the drainage 
boundary conditions may be gained from a comparison of these 
results with those of Figs. 4 to 6. 
6. EXAMPLES OF SOLUTION SYNTHESIS 
The results presented above were for the individual 
components of the consolidation problem, the breakdown into 
these components was described in Section 2. What remains 
is to assemble the components into a composite solution. In 
order to illustrate the assembly procedure three sets of values 
have been selected for the in situ stress state. In each 
example it has been assumed that the tunnel wall is permeable 
and that the soil has a value of v' = 0.4 and a ratio of 
unit weights, yw/y = 0.5. Three values have been selected 
for the earth pressure coefficient K0, viz. (a) K0 0.5, 
(b) K0 = 1, (c) K0 = 2. Values such as these cover a range 
from normally consolidated clay through to overconsolidated 
clay. Using Equations (1) and (3) it has been possible to 
express all stress quantities in terms of ov' the initial 
total overburden pressure. (ov is also an indicator of the 
depth at which the tunnel is bored.) These results are set 
out in Table 1. 
30. 
TABLE l Stresses for example problems 
Example 
Quantity 
(a) (b) (c) 
K = o.;/o; 0.5 1.0 2.0 0 
N = oh/ov 0.75 1.0 1.5 
om
/ov 0.875 1.0 l. 25 
Po/ov 0.5 0.5 0.5 
od
/ov 
- 0.25 0 0.25 
Fig. 16 shows profiles of the tunnel at T = a+ 
(undrained) and T � oo (fully drained). In example (a) the 
in situ vertical stress is greater than the in situ horizontal 
stress and so when these stresses are removed the tunnel 
"squeezes" in at the crown and invert and "pushes" out at the 
spring line. The reverse occurs in Example (c) where the in 
situ horizontal stress is greater than the in situ vertical 
stress. In both examples (a) and (c) the deformation continues 
with time and, in general, this consolidation movement is in 
the same sense as the initial, undrained movement. Typically, 
it is found that 90% of the consolidation movement of the 
tunnel wall has occurred by about T = 1. (For a tunnel of 
radius 2 m  in a clay with c 1 m2/year this means that 90% 
of the consolidation movement of the wall will have taken 
place by about 4 years after the tunnel was bored) . 
The case of a tunnel cut through an isotropically 
prestressed medium, i.e. Example (b), K
0 
= 1, is quite different 
to the above. In this case the deformation is symmetric and 
there is no time dependence of the movement at the tunnel 
wall. There will, however, be some time dependence of movements 
and stress changes within the soil surrounding the tunnel 
(r > r0) but these will be symmetric. 
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32. 
7. CONCLUSIONS 
A method of analysis has been presented for the 
consolidation in an elastic soil due to the cutting of a long 
and deep circular tunnel. Solutions have been presented for 
the time dependent displacements and stress changes occurring 
in the soil surrounding the opening. No consideration has been 
given to the effects of introducing a tunnel lining or of 
creep and plastic flow within the soil. Such features are 
currently under investigation. 
33. 
APPENDIX A SOLUTION DETAILS 
The six independent solutions which are embodied in Equations 
(15) may be derived after consideration of the following four classes of 
problem. 
A. 
B. 
c. 
D. 
Assuming <l> 0 provides solutions 1 and 2. 
Assuming E
v 0 and � 
(for n # 1). 
Assuming E
v 
= 0 and � 
( for n # - 1). 
Assuming E
v 
and 6. 
p 
<l> provides solution 3 
- <l> provides solution 4 
0 provides solutions 5 
The matrix M of Equation (15), which corresponds to these 
solutions is set out below. 
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APPENDIX B NOMENCLATURE 
Symbol 
A,, A2 ... 
A
s Constants 
c Coefficient of consolidation 
e rr' 888 
Radial and circumferential strains 
e Volume strain v 
E v 
Fourier coefficient of volume strain 
G Elastic shear modulus 
I n' 
K n Modified Bessel Functions of order n 
k Permeability coefficient 
K 
0 
Coefficient of earth pressure at rest 
n Fourier integer 
N Ratio of horizontal to vertical total stress 
Po In situ pore water pressure 
p Excess pore pressure 
p Fourier coefficient of excess pore pressure 
r Radial coordinate 
r 
0 
Radius of tunnel 
s Laplace Transform variable 
t Time since tunnel cutting 
ur' ue Radial and circumferential displacements 
u r' ue Fourier Coefficients of displacement 
s
rr'
s
88'
s
r8 Fourier Coefficients of stress 
Yre Shear strain 
yw Unit weight of pore water 
8 Circumferential coordinate 
A Lame constant for soil skeleton 
v' Poisson's ratio for soil skeleton 
cr
d One half of the in situ deviator stress 
() m Mean in situ total stress 
36. 
� Meaning 
0 
rr'
0
88'
0
r8 
Stress components 
<P Deformation function 
<!> Fourier Coefficient of <P 
<P 1,¢2 Solution functions 
1jJ1'1jJ2 Solution functions 
w Rotation 
� Fourier Coefficient of w 
37. 
APPENDIX C REFERENCES 
1. JAEGER, J.C., "Numerical Values for the Temperature in Radial Heat 
Flow", J. Maths and Physics, Vol. 34, 1956, pp. 316-321. 
2. MUIR-WOOD, A.M., "The Circular Tunnel in Elastic Ground", Geotechnique, 
Vol. 25, No. 1, 1975, pp. 115-127. 
3. PENDER, M.J., "Elastic Solutions for a Deep Circular Tunnel", 
Geotechnique, Vol. 30, No. 2, 1980, pp. 216-222. 
CE 
No. 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
CIVIL ENGINEERING RESEARCH REPORTS 
Title 
An Appraisal of the Ontario Equivalent 
Base Length 
Shape Effects on Resistance to Flow in 
Smooth Rectangular Channels 
The Analysis of Thermal Stress Involving 
Non-Linear Material Behaviour 
Buckling Approximations for Laterally 
Continuous Elastic !-Beams 
A Second Generation Frontal Solution 
Program 
Combined· Stiffness for Beam and Column 
Braces 
Beaches:- Profiles, Processes and 
Permeability 
Buckling of Plates and Shells Using 
Sub-Space Iteration 
The Solution of Forced Vibration Problems 
by the Finite Integral Method 
Numerical Solution of a Special Seepage 
Infiltration Problem 
Shape Effects on Resistance to Flow in 
Smooth Semi-circular Chanqels 
The Design of Single Angle Struts 
Consolidation of Axi-symmetric Bodies 
Subjected to Non Axi-symmetric Loading 
Truck Suspension Models 
Elastic Consolidation Around a Deep 
Circular Tunnel 
An Experimental Study of Blockage 
Effects on Some Bluff Profiles 
Inelastic Beam Buckling Experiments 
Author(s) 
O'CONNOR, C. 
KAZEMIPOUR, A.K. 
& APELT, C.J. 
BEER, G. & 
MEEK, J.L. 
DUX, P.F. & 
KITIPORNCHAI, S. 
BEER, G. 
O'CONNOR, C. 
GOURLAY, M.R. 
MEEK, J.L. & 
TRANBERG, W.F.C. 
SWANNELL, P. 
ISAACS, L.T. 
KAZEMIPOUR, A.K. 
& APELT, C.J. 
WOOLCOCK, S.T. & 
KITIPORNCHAI, S. 
CARTER, J.P. & 
BOOKER, J.R. 
KUNJAMBOO, K.K. & 
O'CONNOR, C. 
CARTER, J.P. & 
BOOKER, J.R. 
WEST, G.S. 
DUX, P.F. & 
KITIPORNCHAI, S. 
Date 
February 
1980 
April, 
1980 
April, 
1980 
April, 
1980 
May, 
1980 
May, 
1980 
June, 
1980 
July, 
1980 
August, 
1980 
September, 
1980 
November, 
1980 
December, 
1980 
January, 
1981 
February, 
1981 
March, 
1981 
April, 
1981 
May, 
1981 
CURRENT CIVIL ENGINEERING BULLETINS 
4 Brittle Fracture of Steel. - Perform­
ance of ND 1 B and SAA A 1 structural 
steels: C. O'Connor (1964) 
5 Buckling in Steel Structures- 1. The 
use of a characteristic imperfect shape 
and its application to the buckling of 
an isolated column: C. O'Connor 
(1965) 
6 Buckling in Steel Structures - 2. The 
use of a characteristic imperfect shape 
in the design of determinate plane 
trusses against buckling in their plane: 
C. O'Connor (1965) 
7 Wave Generated Currents - Some 
observations made in fixed bed hy­
draulic models: M.R. Gourlay (1965) 
8 Brittle Fracture of Steel -2. Theoret­
ical stress distributions in a partially 
yielded, non-uniform, polycrystalline 
material: C. O'Connor (1966) 
9 Analysis by Computer -Programmes 
for frame and grid structures: J.L. 
Meek (1967) 
10 Force Analysis of Fixed Support Rigid 
Frames: J.L. Meek and R. Owen 
(1968) 
11 Analysis by Computer - Axisy­
metric solution of elasto-plastic pro­
blems by finite element methods: 
J.L. Meek and G. Carey (1969) 
12 Ground Water Hydrology: J.R. Watkins 
(1969) 
13 Land use prediction in transportation 
planning: S. Golding and K.B. David­
son (1969) 
14 Finite Element Methods - Two 
dimensional seepage with a free sur­
face: L. T. Isaacs (1971) 
15 Transportation Gravity Models: A. T.C. 
Philbrick (1971) 
16 Wave Climate at Moffat Beach: M.R. 
Gourlay "(1973) 
17. Quantitative Evaluation of Traffic 
Assignment Methods: C. Lucas and 
K.B. Davidson (1974) 
18 Planning and Evaluation of a High 
Speed Brisbane-Gold Coast Rail Link: 
K.B. Davidson, et a!. (1974) 
19 Brisbane Airport Development Flood­
way Studies: C.J. Ape/t (1977) 
20 Numbers of Engineering Graduates in 
Queensland: C. O'Connor (1971) 
�-�� ._, 
,. " .. 
